Abstract-A novel approach to find the effective electric and magnetic parameters of finite periodic structures is proposed. The method uses the reflection coefficients at the interface between a homogenous half-space and the periodic structure of different thicknesses. The reflection data are then approximated by complex exponentials, from which one can deduce the wavenumber, and the effective electric and magnetic properties of the equivalent structure by a simple comparison to the geometrical series representation of the generalized reflection from a homogenous slab. Since the effective parameters are for the homogenous equivalent of the periodic structure, the results obtained are expected to be independent of the number of unit cells used in the longitudinal direction. Although the proposed method is quite versatile and applicable to any finite periodic structure, photonic crystals and metamaterials with metallic inclusions have been used to demonstrate the application of the method in this paper.
I. INTRODUCTION

R
ECENT development in periodic structures, such as photonic crystals and metamaterials, has created a flurry of interest among scientists from different fields, [1] - [4] . This excitement can be attributed mainly to their unique electromagnetic (EM)/optical features, and potentials for new and exciting applications, [5] - [7] . As these structures are still being studied to understand their basic operations, some applications in the fields of microwave circuits, antennas, and optics have already begun to appear in the literature. Since the common feature of such structures is their periodic nature, EM-based full-wave analysis tools, designed for or capable of handling periodic structures, play an important role to understand the underlying physical mechanisms, as well as to help designing such structures [8] - [12] . However, when it comes to building practical circuits in or on such structures, accurate simulation Manuscript received August 15, 2007; revised February 2, 2008 . This work was supported in part by TÜBİTAK under Contract 105E141, and in part by TÜBA-GEBİP.
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Digital Object Identifier 10.1109/TMTT. 2008.923870 tools accounting for all the details may not be necessary for some applications. Instead, one may use an equivalent set of EM parameters, also referred to as effective parameters, to approximate the structure as a homogenous medium. In the literature, there are mainly three different techniques to obtain these effective parameters, which are, namely, static or quasi-static approaches [13] , [14] , averaging procedures [15] - [17] , or retrieval procedures [18] - [21] . Parameter retrieval techniques for metamaterials, from a set of transmission and reflection coefficient data, have recently become quite popular, in order to characterize such structures, and to help design different configurations for negative effective permittivity and permeability values. However, this approach provides effective parameters based on the measurement or calculation of a fixed number of unit cells in the direction of propagation, which may not represent the effective parameters of an equivalent homogeneous structure with an arbitrary number of unit cells. In other words, interactions between the building blocks of the periodic structure may not be simply neglected if the intention is not to retrieve the effective parameters of the given configuration, but to determine the effective parameters of its homogeneous equivalent for an arbitrary number of unit cells. In this paper, a novel approach based on the reflection data, for a set of overall thickness of the structure, is proposed to find the effective permittivity and permeability values that could represent the structure regardless of the number of unit cells used. The method is capable of providing the effective parameters of any finite extent periodic structure, including those with defects or with inhomogeneous dielectric materials, provided that the reflection data can be obtained at the front interface of the structure. In addition, the method can work not only with normal incident plane waves, but with plane waves of any arbitrary angle of incidence. Since EM-based numerical simulation tools, like Comsol Multiphysics by Comsol Inc., Burlington, MA, and the High Frequency Structure Simulator (HFSS) by Ansoft Inc., Pittsburgh, PA, have become quite common and accessible, reflection coefficient data of any structure can easily be obtained from the field distributions.
Since the main contribution of this paper is to develop a general-purpose algorithm that provides the effective parameters of finite extent periodic structures, the proposed algorithm and its working mechanism are detailed in Section II. It is then followed by some representative examples, chosen mainly from 1-D and 2-D photonic crystals, and 2-D and 3-D metamaterials in Section III. Finally, conclusions are provided in Section IV. 
II. DETAILS OF THE METHOD
The proposed method starts with obtaining the reflection coefficient data for a different number of unit cells of the periodic structure. The data are then approximated by a sum of complex exponentials, and each exponential term in the approximation is assumed to be equal to a term in the geometric series representation of the total reflection from a homogenous slab. Hence, the wavenumber of the equivalent homogenous medium is obtained from the exponents of the approximating exponentials. Subsequently, the effective permittivity and permeability values can be obtained from the exponential term of the approximation that corresponds to the Fresnel reflection coefficient in the geometric series.
To understand the proposed method, it would be necessary to review the reflection of EM waves at the interface between a semiinfinite homogeneous medium ( ) and a homogenous slab ( ), as shown in Fig. 1 . The reflection coefficient defined at the front interface ( ) can be written in terms of multiple reflections of the wave inside the slab as (1) where over denotes the generalized reflection coefficient, accounting for multiple reflections, and and ( ) without are the Fresnel reflection and transmission coefficients, accounting just for the discontinuity of the two media [22] . In addition, the first and second subscripts give the layer numbers of the incident and transmitted media, respectively. Note that the geometric series is the result of the homogeneity of the slab, and that each exponential term is a function of the thickness and the wavenumber of the slab. Therefore, if the reflection coefficient, measured or obtained by simulations, of any structure demonstrates such a behavior at a given frequency, one can confidently represent the structure by an equivalent homogeneous medium at that frequency.
Although the generalized reflection coefficient expression (1) is the same for both TE and TM waves, the reflection and transmission coefficients in the expression are different for these waves. For example, the first term in the expansion -referred to as Fresnel reflection coefficient-accounts for the difference between the media on both sides of the interface, and is defined for TE and TM waves as follows:
The nice thing about the Fresnel reflection coefficient is that it is just a result of discontinuity at the interface between two media, Layer-0 and Layer-1 in Fig. 1 , independent of whatever the wave experiences afterwards. Therefore, it is only dependent on the propagation constant (in the normal direction to the plane of interface), permittivity and permeability of the two homogenous semiinfinite media.
Although the generalized reflection coefficient formula is valid for a homogenous slab with a fixed thickness , it can be considered as a thickness-dependent equation, i.e., an equation that relates the change in thickness to the reflection coefficient seen at the front interface. Note that, throughout this study, the first and second effective boundaries of the equivalent slab are assumed to coincide with the first and last unit-cell boundaries of the finite periodic structure, respectively, as concluded in [20] for symmetric 1-D metamaterials. Since the unit cells defined for all the structures used in this study are symmetric, and because the metamaterials are only 1-D, this choice of the boundaries of the equivalent slabs can be justified. However, in cases of higher dimensional metamaterials and/or structures with asymmetric unit cells, the effective boundaries can be determined by the optimization algorithm presented in [20] . As a result, a set of reflection coefficient data collected at the front interface for different thicknesses can be approximated by a finite sum of exponentials as (3) where the generalized pencil-of-function method is used for the exponential approximation [23] , the coefficients and exponents are complex numbers, and is the thickness of the equivalent slab. Note that the samples of the generalized reflection coefficient are collected at the integer multiples of the length of a unit cell with uniformly increasing thicknesses, starting from a certain bias thickness to eliminate the dominance of the interactions between the constituting structures of a unit cell. This sampling strategy can be best described by the following formula: ( , ) for , where is the initial number of unit cells. As stated above, the motivation for the exponential approximation is that the resulting sum of exponentials should approximate the geometrical series representation of the generalized reflection coefficient term by term, provided the periodic structure can be represented by a homogeneous equivalent slab at the wavelength of operation. Therefore, forming a one-to-one correspondence between the series representation of the generalized reflection coefficient (1) and the approximating sum of exponentials (3), the following map between the coefficients and exponents can be constructed:
and, subsequently, the effective propagation constant in Layer-1, in the direction normal to the interface, can be obtained as (5) where is included because the oscillatory parts of the approximating exponentials in (3) are periodic with a period of . That is, one needs to decide on the integer value for each to bring the propagation constant into the irreducible Brillouin zone. Once the propagation constant in the equivalent homogenous medium is obtained, the effective permeability and permittivity values are calculated from the definitions of the Fresnel reflection coefficients (2a) and (2b) as for TE waves for TM waves
where is the first term of the exponential approximation (3), is the angle of incidence, is the speed of light in vacuum, and is the radian frequency of operation. For normal incidence ( ), one of the two effective parameter sets in (6a) can be used because TE and TM waves differ only by a rotational symmetry and become degenerate.
III. RESULTS AND DISCUSSIONS
Since the subject matter of this study is to determine the effective constitutive parameters of finite extent periodic structures, two of the most popular periodic structures, namely, photonic crystals and metamaterials, were employed to demonstrate the proposed method. To facilitate clear and coherent discussions of the results relevant to these structures, the results of each structure are discussed and provided below. Moreover, it should be noted that the reflection coefficient data used throughout this study were obtained by numerical simulations, using Comsol Multiphysics by Comsol Inc. for 2-D photonic crystals, wires, and split-ring resonators (SRRs), and HFSS by Ansoft Inc. for metamaterials with 3-D metallic inclusions. As a final note on the implementation of the sampling strategy, one has to choose a biasing thickness ( ) and the total number of samples judiciously for a given wavelength of operation. Since a detailed study of the effects of these choices to the effective parameters is rather lengthy and out of the scope of this paper, it would be sufficient to state that the approach is quite robust as long as the total number of samples cover a distance over which the main features of the generalized reflection coefficient can be included. Regarding the choice of the biasing thickness , it can easily be optimized by examining the quality of the effective parameters from the higher order terms in the exponential approximation once the reflection data is collected.
A. Photonic Crystals
Although photonic crystals are best described by the dispersion diagrams ( diagrams) when studying their bandgap behavior, their effective parameters can be of great use in the design of optical or microwave circuit elements in or on such structures, especially in their passbands. To the best of the authors' knowledge, there has not been much study on the determination of the effective parameters of such structures, except for an extensive study on the effective long-wavelength dielectric constants of heterogenous structures [13] , [14] , [24] - [26] . The concept of effective dielectric constant was introduced to estimate the equivalent dielectric constant of a composite structure in the quasi-static regime. In a recent study, effective refractive indices of 1-D photonic crystals, calculated from the phase factor of the transmission coefficient, were provided to study the influence of finite-size photonic crystals on the wave propagation [27] . In addition, in the study of photonic crystal fibers, the use of the effective refractive-index model for the cladding of a 2-D photonic crystal has made it possible to explain the large wavelength range for a single-mode operation of the photonic crystal fiber [28] .
For the sake of validation, a simple 1-D photonic crystal with two alternating dielectric materials was employed with the following parameters: thickness and dielectric constant of the first layer are 160 nm and , thickness and dielectric constant of the second layer are 40 nm and , respectively. Although the structure is made up of alternating two different layers, the unit cell was defined symmetrically, as suggested in [20] for the well-defined boundaries of the equivalent slab; the length of the unit cell is nm, and the thicknesses and permittivities of the three layers involved in a unit cell are ( ), ( ), and ( ), respectively. Noting that the first bandgap of the photonic crystal starts at about the normalized frequency of [29] , the effective permittivity and permeability values were obtained up to the bandgap frequency for three different angles of incidence, as shown in Fig. 2 . Before providing any discussion on the results, the field distributions in the periodic structure and in its homogeneous equivalent were obtained analytically for two different wavelengths of operation, and depicted in Fig. 3 for normal incidence and in Fig. 4 for . The field distributions provide ultimate assessment of how good an equivalent homogeneous slab with the effective parameters approximates a periodic structure; however, they are rather difficult to obtain and are not practical for experimental study. As one of the strength of the method, the quality assessment can be performed by examining the higher order terms in the approximation of the generalized reflection coefficient (3), and because of that, the coefficients and exponents of the approximations were provided in Table I .
First of all, it is observed throughout this study that the application of the method may result in positive imaginary values for the effective permittivity or permeability, which seems to be not consistent with the time dependence employed throughout this work and needs clarification. This behavior has nothing to do with any real physical mechanism, but it is just a result of mathematical operations. If the geometry under study is composed of lossless dielectric materials, as in the cases of photonic crystals, the resulting propagation constants are supposed to be purely real for the wavelengths of operation below the bandgap, i.e., the exponents of the generalized pencil-of-function approximation in (3) have to be dominantly imaginary, as observed from the data in Tables I and II . In addition, because of the fact that the term approximating the Fresnel reflection coefficient is a complex number in general, (6a) results in a complex or . Consequently, the other effective parameter determined from (6b) has to compensate the imaginary part of the already determined parameter, resulting in opposite signs for the imaginary parts of these parameters, which are provided in the captions of the field plots for each case studied in this work. Attributing seemingly nonphysical behavior of the effective permeability (or permittivity) to the mathematical definitions of the effective parameters has increased the importance of the assessment of the validity of such parameters.
Assessment of the quality of the effective parameters can be performed either by using or processing information collected externally (noninvasive), or examining the field distributions in the original and equivalent structures (invasive), both of which are presented in this discussion. Of course, the noninvasive approach is easier to use and more practical, as it only requires data accessible externally. However, to see how well the homogeneous equivalent slab mimic the real periodic structure, the true test may be to compare the field distributions. Since the proposed method also provides the approximations of the higher order reflection terms at the front interface, as given in the tables, they can easily be compared to the multiple reflections from an equivalent homogenous slab, resulting in a good measure of the quality of the effective parameters. In Table I , the data was presented in the order as it was provided by the generalized pencil-of-function method, but the index had to be decided based on the relative phase and magnitude values. That is, the term corresponding to Fresnel reflection coefficient must have a negligible phase, and the other terms are decided based on the decreasing magnitudes of the coefficients. For the best homogenous equivalent slab that mimics the periodic structure, all the exponents of the approximating terms must yield the same propagation constant ( of the effective medium for the normal incidence) when the periodicity of each term is properly taken into account. Therefore, to assess the quality of the effective parameters, the normalized values of the wavenumber of the effective medium ( ) were obtained with a proper choice of the integer for each term, and are provided in Table I . Resulting values are observed to be almost equal with negligible differences (less than 0.0001), implying that the periodic structure can be replaced by the homogeneous equivalent slab with the effective permittivity and permeability values obtained by the proposed method. Note that the real parts of the exponents and the imaginary parts of the coefficients were negligibly small as compared to the corresponding imaginary parts and real parts, respectively, and were not included in Table I for the clarity of the presentation.
As stated above, the ultimate check for the quality of the effective parameters is to compare the field distribution along the actual structure to the one along its homogeneous equivalent. When this was done for the 1-D photonic crystal under the illumination of normal incident plane waves, at the same frequencies used in Table I , it was observed that the field distributions match quite well for the frequencies far from the gap region [see Fig. 3(a) ]; however, they show some differences in the medium of the periodic structure for the frequencies closer to the bandgap frequency [see Fig. 3(b) ]. Since the method is based on the reflection coefficient defined at the front interface, it is expected that the fields in this region are primarily enforced, especially when the higher order terms in the approximation provide close effective propagation constants. For the validation of the method under arbitrary angles of incidence, the method was applied to the same 1-D photonic crystal for various angles of incidence with TE and TM polarizations, and the field distributions corresponding to the angle of incidence of were provided for TE and TM polarizations in Fig. 4 , as compared to the exact field distributions in the photonic crystal.
Once the validation of the method has been performed on a simple 1-D photonic crystal, for which the reflection data and the field distributions were calculated analytically, a more complex geometry, i.e., a 2-D photonic crystal, as shown in the inset of Fig. 5 , was considered next. The structure is a square array of dielectric columns with radius and dielectric constant embedded in air, and has the bandgap starting around at [29] . The reflection data needed to implement the method, and the field distributions needed to compare the field distributions along its homogeneous equivalent were obtained by using Comsol Multiphysics by Comsol Inc. Using the reflection coefficient data due to a normal incident plane wave, the effective parameters were calculated by using the proposed method with five exponentials. To assess the performance of the method for this more complicated structure, whose analysis cannot be performed analytically, the effective propagation constant of the structure corresponding to each term in the exponential approximation was provided in Table II . Except for the Fresnel reflection term, the remaining four terms have resulted in almost the same effective propagation constant, indicating that the homogeneous equivalent slab with the determined effective parameters mimics the structure almost perfectly. To further verify this conclusion, the field distributions along two different cuts of the periodic structure, one passing over the background material (Line-1) and the other over the dielectric columns (Line-2), as shown in the inset of Fig. 5 , were compared to the field distribution obtained from its homogeneous equivalent slab, Fig. 5 . As expected from the study of the effective propagation constants corresponding to the higher order terms, the field distributions match almost perfectly in the medium of incidence, no matter which cut is chosen. Moreover, they match quite well along Line-1, while there is expected deviation along Line-2 in the region of the periodic structure. Although no explicit information on the transmitted wave was used in the application of the method, the fields in the exit medium obtained from the equivalent slab configuration match quite well to those obtained from the actual structure.
In conclusion, the proposed method works quite well in determining the effective constitutive parameters of photonic crystals, not only for normal incident plane waves, but also for a plane wave of any polarization and any angles of incidence. Moreover, the higher order terms of the exponential approximation, which are not directly used in determining the effective parameters, offer a good measure of how good the homogeneous equivalent slab can substitute the actual structure.
B. Metamaterials With Metallic Inclusions
Metamaterials, which are also referred to as left-hand materials, negative index materials, and double-negative materials in the literature, are also popular periodic structures and are investigated in this section with a view to determine the effective parameters of their homogeneous equivalent slabs. Contrary to the photonic crystals, which are mainly characterized by the dispersion diagrams, metamaterials are usually described by their equivalent material parameters, either retrieved from the reflection and/or transmission data [18] - [21] or determined by averaging the local fields [15] - [17] . It should be stressed here that the method proposed in this paper is different from the retrieval procedures, even though both are based on the reflection and/or transmission coefficients, and obviously different from the averaging approaches, which have been reviewed in details recently in [17] .
The proposed method was first applied to the simple 2-D constituting components of metamaterials, namely, wires and SRRs, for which effective permittivity and permeability values may be known analytically. It should be noted that, during the study of metamaterials, reflection data starting from one unit cell up to maximum of 20 unit cells were collected for a frequency band and used to determine the effective parameters of the structures. As a first example, periodic wire structures with four different cross sections, designated by A-D in the inset of Fig. 6 , were studied for a normal incident plane wave. The motivation for this example was that a medium composed of periodic wires with circular cross sections, structure A, can be characterized by a well-defined expression of its permittivity value as a function of frequency [30] (7a) (7b) where is the plasma frequency, ( m) is the periodicity of the wire structure, and ( m) and ( S m) are the radius and the conductivity of the wire, respectively. Hence, the permittivity variations of wires with different cross sections can be studied using the proposed method, and compared to those obtained by the analytical expression of a periodic wire structure with circular cross section [see (7)]. As expected, the effective permittivity variation of the structure with square cross section exhibits almost the same trend with very close values as that of circular cross section obtained by (7) . However, the other wire configurations show stronger variations with frequency, and exhibit more negative permittivity values over the same frequency band, as shown in Fig. 6 . It should also be noted that since structures C and D are geometrically anisotropic, they are likely to result in anisotropic behavior in their effective permittivity values. For the assessment of the effective parameters, the values of the propagation constant corresponding to the terms in the exponential approximation were provided at 10.0 GHz in Table III , for configuration B in Fig. 6 . Although the effective propagation constants are very close, some deviation becomes visible for the terms whose coefficients are relatively small. To complete the assessment, the field distribution in the equivalent homogenous medium, whose effective parameters are and at 10.0 GHz, was compared to that in the actual periodic structure, as shown in Fig. 7 . For the actual periodic structure, a medium composed of eight stacks of configuration B, with the total width of 4.0 cm, in a free-space environment was analyzed by using Comsol Multiphysics by Comsol Inc. It is observed that the field distribution (magnitude of -field) in the equivalent homogeneous structure follows, almost exactly, the one in the actual structure (Fig. 7) . Therefore, looking at the data given in Table III and the curves in Fig. 7 , it is safe to state that the equivalent homogeneous slab with the effective parameters can successfully replace the periodic structure at 10.0 GHz under normal incidence.
For the sake of completeness, a medium with periodic SRRs, whose geometry and dimensions were given in the inset and caption of Fig. 8 , was characterized by its effective parameters using the proposed method. The SRRs employed in this study were assumed to be made of copper, to extend to infinity in the perpendicular direction to the plane of periodicity, and to be surrounded by vacuum. After having collected the reflection data due to a normal incident plane wave over a frequency band, the effective permeability of the structure was obtained by using the proposed method, as shown in Fig. 8 . It should be noted that, in the case of periodic wires, the propagation constant and field distributions were obtained at 10.0 GHz at which the effective permittivity value is positive. This was an intentional choice as a medium with negative permittivity would have only supported evanescent waves, and consequently, there would be no multiple reflections. To eliminate any concern on the applicability of the proposed method to media with one of the effective parameters less than zero, the magnetic field distribution for SRR A with the effective parameters at 4.0 GHz ( and ) was provided and compared to the exact field distribution along the actual structure in Fig. 9 . To complete this part of the study, the propagation constants and the magnetic field distributions were also provided in Table IV and in Fig. 10 , respectively, for SRR B at 5.0 GHz, at which the effective parameters are positive quantities as , . Note that the results provided for this example in Table IV and Fig. 10 were obtained by using five exponentials, just to be consistent with the other examples provided earlier. However, different number of exponentials were used in (3) to approximate the reflection data, and the corresponding values for each term in the approximation as well as the field distributions were obtained and studied carefully. As a result, a few remarks are considered to be worth noting, which are: 1) no matter how many terms were used in the approximation of the reflection data, the exponents of the terms beyond the third term were not consistent with the expected multiple reflections, either due to small coefficients of these terms or to scattering from the metallic inclusions that cannot be accounted for by an homogenous equivalent slab and 2) although the field distributions along the actual structures were predicted quite well by the equivalent homogeneous slabs in the incident and transmitted layers (Layer-0 and Layer-2, respectively), the difference in the periodic region was more pronounced as compared to the structures studied earlier, even though the fields were sampled along a cut between the two SRRs. After having applied the proposed method to the 2-D constituting metallic inclusions of metamaterials separately, it is now time to study the method for the medium composed of periodic SRRs and wires together in a 3-D setting. For the study of such materials, being of infinite extent in transverse directions, namely, and , and of the finite extent in the direction of propagation , a normal incident plane wave with and components was used to implement the method proposed in this paper. The details of the geometry are the same as those studied in [21] , except that split-ring and wire structures are assumed to be perfect conductors with zero thicknesses to reduce the required memory and computation cost: a cubic unit cell with a dimension of mm, dipole and SRR are printed on the opposite sides of a 0.25-mm-thick substrate with and loss tangent of 0.02, printed dipole with the width of 0.14 mm runs through the length of the unit cell, and dimensions of the SRR, as referenced to the inset of Fig. 8, are mm, mm, mm, and mm. In addition, throughout the study of these 3-D metamaterials, calculation of the reflection coefficient at the front interface was performed by HFSS by Ansoft Inc., with the use of an efficient implementation suggested in [31] . For this study, a good number of reflection coefficient data were collected, starting from one unit cell up to 20 unit cells in the direction of propagation, over a frequency band of 5.0-15.0 GHz.
Since the study of the metamaterial was performed over a frequency band, the proposed method was implemented for each frequency using 20 samples of the generalized reflection coefficient at the front interface. Before providing any result, it should be noted that metamaterial structures exhibit negative effective values for either permittivity or permeability, but not both, over some frequency bands, where the wave is dominantly attenuating in the structure, resulting in negligible higher order reflection terms at the front interface. For such cases, the exponential approximation results in two dominant exponentials; one corresponds to Fresnel's reflection and the other provides a propagation constant with a large negative imaginary part, revealing the evanescent wave nature in the structure. However, over the bands where the structure behaves like double-negative or double-positive material, the higher order terms of the generalized reflection coefficient become significant. To give an idea how the exponential approximations look like for the metamaterial operating at three different frequencies corresponding to these three bands, the coefficients, exponents, and the effective propagation constants were given in Table V . Since the effective propagation constants resulting from the higher order exponential terms were used to measure the quality of the homogeneous equivalent slab in the previous examples, they were also examined for the metamaterial: for both double-negative ( GHz) and double-positive ( GHz) cases, values for the dominant terms are sufficiently close, implying that the equivalent homogeneous slabs can successfully imitate the metamaterial, though not as good as the cases studied for the photonic crystals. This may partly be attributed to the strong scattering nature of the metallic inclusions. To better assess the quality of homogenization, the field distributions in the actual structure and in its homogeneous equivalent were also obtained and examined at the same frequencies as the ones used in Table V , as shown in Fig. 11 , except at 5.0 GHz for the obvious reason of a trivial behavior of the field distribution (see Fig. 9 for the split-ring structure). Since the field distribution in the periodic region is dependent on the path along which the field is sampled, the magnitudes of the electric fields were shown in Fig. 11 along two different paths in the direction of propagation; one passing through the center of a unit cell (between the SRR and dipole) and the other along the edge of a unit cell (between two unit cells). Since the former path (center) passes very close by the conducting split-rings and dipole structures, the electric field strength along this path was observed to be quite small, as expected. However, along the latter path (edge), being away from any geometrical discontinuities and conducting objects, the electric field distribution was expected and observed to be closer to that obtained from the homogenous equivalent (see Fig. 11 ). In addition, the field strengths outside the periodic medium have shown very good agreement no matter which path was chosen.
Although the method was applied to the metamaterial over a large frequency band (5.0-15.0 GHz), the verification of the re- sults, and in turn, of the method, has been performed only over some discrete representative frequencies by means of propagation constants and field distributions. Since it would be more informative to see the performance of the method as applied to the metamaterial over the entire band, the effective permittivity and permeability values were obtained first, as shown in Fig. 12 . The scattering parameter , calculated directly from the HFSS data, for the actual structure with 20 unit cells in the direction of propagation are then compared to that obtained analytically from its homogeneous equivalent (using the data provided in Fig. 12 ), as depicted in Fig. 13 . It is observed that the agreement of the scattering parameters are extremely good over the entire band, and that the frequency behavior of the effective parameters are consistent with the expectations. In addition, the plots of the effective parameters over the frequency band provide good comparisons to the same curves for a single unit cell of the same structure in [21] , and demonstrate how the effective parameters of the periodic structure with arbitrary length would be different from the retrieved parameters of a fixed length of the structure.
After having studied so many cases, it would be instructive to provide a few comments on the method with a view to improve it further. Starting with its strengths, it should be emphasized that the method is capable of providing the effective parameters for any arbitrary angle of incidence, capable of resulting in by-products that would help measure the quality of the equivalent homogeneous slab easily, capable of handling any structure including nonperiodic structures and periodic structures with defects provided the reflection data can be obtained by some means. However, there are some weaknesses of the method, as it was presented, which are listed as follows with their possible remedies.
1) The method only uses the reflection data as a function of the thickness of the structure, which may create problems in cases of small higher order reflections from the structure composed of lossy materials or single-negative materials. The remedy for this is simple, and perhaps it should be implemented for all cases, which is to use the transmission data together with the reflection data to extract the propagation constant with better accuracy. 2) Since the collection of the reflection and/or transmission data from a complex structure usually requires extremely high computation power, it may not be feasible to study some nonperiodic structures or periodic structures with defects. There is no obvious and immediate remedy for this, except to develop a fast accurate EM analysis tool for the specific problem at hand.
3) The implementation of the method concerning the choices of the number of initial layers, number of samples of the reflection data, and number of exponentials are to be studied in details, as these parameters are most likely to be influenced by the effective refractive index of the structure. Considering the fact that the smaller the effective refractive index of the structure, the larger the effective wavelength in the medium, the number of samples need to be increased in order to capture the relevant features of the reflection coefficient.
IV. CONCLUSION
In this study, a simple method was introduced to find an equivalent homogeneous slab that could replace a periodic structure of an arbitrary length when illuminated by a plane wave with a given angle of incidence and polarization. The method determines the effective wavenumber and effective electric and magnetic parameters of the equivalent homogeneous slab from a set of reflection data collected for different thicknesses of the periodic structure. As one of the important features of the method, the effective parameters obtained are not dependent on the length of the periodic structure, and therefore, once obtained they can be used for the same structure with different lengths. The method was successfully demonstrated on 1-D and 2-D photonic crystals, and metamaterials with 2-D and 3-D metallic inclusions.
